Abstract. In the present article we consider the nonviscous Shallow Water Equations in space dimension one with Dirichlet boundary conditions for the velocity and we show the locally in time well-posedness of the model.
1. Introduction. The Shallow Water equations form a model describing the evolution of a thin layer of fluid. This model is obtained as the barotropic part of the linearized primitive equations so it is often used as a simplified version of the primitive equations. The two unknowns of the model are the velocity and the height of the layer. The height is supposed to remain strictly positive and we are interested in studying the behavior of the velocity.
Much literature is available on the subject of well-posedness of the Shallow Water equations, for the viscous as well as the non-viscous cases. For the viscous case we refer the interested reader to e.g. [8] where the author studies the existence of weak solutions for the 2D Shallow Water problem with Dirichlet boundary conditions by using a Galerkin method and the Aubin compactness theorem. The viscous case is also considered in [2] where the authors prove the global well-posedness of the Shallow Water model with horizontal and vertical eddy viscosities for basins with varying bottom topography. A study of the semi-geostrophic shallow water equations can be found in [1] , the author showing that the large scale behavior of the semi-geostrophic equations is better controlled than that of the incompressible equations. For the non-viscous case, [6] , [5] and [7] treat the flow in the whole space while [10] considers the periodic boundary conditions in space dimension one. While the existence and uniqueness of solutions for the one-dimensional space periodic Shallow Water equations follows from more general results (see e.g. [11] ), the objective in [10] (as well as in this article) is (to attempt) to develop methods which might be used for initial and boundary value problems for the Shallow Water equations in a limited domain. Note also that in [10] as well as in the present article, the emphasis is on the case where the height Φ remains always strictly positive. For the case where the height might vanish which is of importance in different applications, the interested reader is refered to e.g. [4] , [3] , [9] .
In this article we consider the one-dimensional Shallow Water equations with Dirichlet boundary conditions on the velocity; the well-posedness for the Shallow Water equations with transparent boundary conditions for the velocity is the object of current work and will be treated elsewhere. The rest of the article is organized as follows: in Section 2 we recall the problem and state our main result. In Section 3 we construct an approximate solution for the Shallow Water initial and boundary value problem and prove various a priori estimates. In Section 4 we conclude the proof of the local in time existence of the solution by showing the convergence of the approximate solutions and we prove the uniqueness of solution.
This article is dedicated to Claude-Michel Brauner on the occasion of his 60th birthday, with friendship, and (for RT), fond memories of our interactions along the years since the start of Numerical Analysis at Orsay in the fall of 1968.
2. The Shallow Water Equations: Main Result. We consider the non-viscous Shallow Water equations in space dimension one, on the interval 0 < x < 1, for the velocity u and the height Φ:
where g is the gravitational acceleration. Equations (1) are supplemented with the initial conditions
and with the boundary conditions
We also assume that φ 0 (x) ≥ 2Φ 0 > 0, ∀x ∈ (0, 1). In this article no boundary condition is imposed on the height; as mentioned above the utilisation of different sets of boundary conditions is a case under study.
In what follows we prove the following result:
Then there exist a constant T * > 0, depending on |u 0 | H 2 and |φ 0 | H 2 , and a unique solution (u, Φ) of problem (1) 
Moreover, Φ(x, t) ≥ Φ 0 , ∀ t ∈ (0, T * ).
3. Approximate Solution. In this section we begin the proof of Theorem 2.1. The first step of the proof is to construct approximate solutions for problem (1)- (3) and to obtain a priori estimates for them. Once the sequence of approximate solutions is constructed, we prove in Section 4 that it converges to the solutions of the initial problem.
3.1. Approximate solutions. We start by defining u 0 (t, x) = u 0 (x), Φ 0 (t, x) = φ 0 (x) and then we iteratively construct u k+1 , Φ k+1 as the solutions of the following linear problem:
with the boundary conditions:
and the initial condition:
We suppose that
, and we need to prove the same properties for u k+1 , Φ k+1 . (5) 2 by gΦ k+1 , adding the resulting equations and integrating over Ω, we find:
A priori estimates for
The first term of (8) can be written as:
while for the last term in (9), we have, using
Here and below c, c i , c ′ i denote various constants depending on the data, c can be different at different occurrences.
The second term from (8) is estimated as follows:
where we integrated by parts and we used Φ k ≥ Φ 0 and the fact that, in dimension one, the Sobolev embedding
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Similarly, we estimate:
and
Gathering all the previous estimates, we find:
where we defined the function
and η k as:
Using the Gronwall inequalities for relation (14), we obtain:
3.3. A priori estimates for u k+1 and Φ k+1 in L ∞ (0, T, H 1 (0, 1)). In order to find a priori estimates for
, we differentiate in x the approximate problem (5) and we find:
Multiplying (18) adding the resulting equations and integrating over Ω, we obtain:
We estimate the terms in (19) as follows:
In order to estimate
we now need to evaluate the boundary terms from (20). Since u k+1 (t, 0) = u k+1 (t, 1) = 0, we have u
and from (5) 1 evaluated at x = 0 and x = 1 we find:
Using (22) in relation (20), we obtain:
The last two terms from (19) are also bounded by:
, and
Gathering all these estimates, we obtain:
where we defined the function I k+1 1
Applying the Gronwall inequality to (23), we find:
3.4. A priori estimates for u k+1 and Φ k+1 in L ∞ (0, T ; H 2 (0, 1)). We apply the differential operator ∂ xx = ∂ 2 x to each of the equations (5) and we find: 
The terms in (27) are estimated as follows: for s = 2,
while for s = 1 we find:
xx dx we apply the same kind of treatment and find the same type of bounds as above.
We also have, after integration by parts and using the boundary condition (6) for u k ,
The last term that we need to estimate is:
The boundary terms in (29) vanish for almost all time t due to (18) 2 and the fact that Φ
xt (1, t) = 0 for a.e. t ∈ [0, T ], and this implies that
We can now estimate (29) as:
Gathering all these estimates, we find:
where η k is as in (16) and I k+1 2 is the function defined as:
Applying the Gronwall lemma to (31) we find:
and, using (25), inequality (33) becomes:
3.5. A priori estimates for u
, and similarly,
Using (25), we find:
). Since we already have the a priori estimates for u
and Φ k+1 tx . To do this we use the equations (18) which yield:
Using (25) and (33), we obtain:
Finally, we obtain uniform estimates on u k+1 and Φ k+1 by induction. Let A and B be two constants such that:
where c ∞ is such that |u| L ∞ (0,1) ≤ c ∞ |u| H 1 (0,1) for all u ∈ H 1 (0, 1). We suppose that
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and also that
with c 5 and c 6 as in (34) and (36). From the induction hypothesis (38)-(39), we infer that there exists a constant K(A, B) depending only on A and B (and the other data but not on k), such that
We shall now show that, for a small time T > 0 that depends only on A and B, we also have:
Using the previous estimates for I The only thing that we need to check is that we can find T ′′ small enough such that (42) is true. This can be proved by using equations (34) -(37) which gives: If we take T ′′ sufficiently small so that exp(max(c 1 , c 2 )K(A, B)T ") ≤ 2, the relations (42) are verified.
Setting T * = min(T ′ , T ′′ ), we find that u k+1 and Φ k+1 satisfy (41), (42) and we note that A, B, K(A, B) and T * do not depend on k.
